EXERCICE: ON A COUNTEREXAMPLE RELATIVE TO ABEL’S
ANGULAR CONVERGENCE THEOREM

ROBERT ROLLAND

1. INTRODUCTION

Let us recall the following theorem due to Abel (angular convergence theorem):

Theorem 1.1. Let S(z) = ::{) anz™ be a power serie of convergence radius R.

Let zg = Re' be a complex number such that |zo| = R. We suppose that the serie
g} Let us define the set
A={2€C; |z| <R and it exists

S(z0) is convergent. Let 01 € [0,

p >0 and 0 €0y — 01,00 + 01[ such that z = 2z — pe'}.
Then S(z) is continuous on AU{z}. In particular the following holds
lim AS(z) = S(z0).

z—20, 2€

We develop now an example showing that the limitation to a subset like A is
mandatory. More precisely, if we allow z to approach tangentially zy the result is
no longer guaranteed.

2. THE EXAMPLE

Let (zy,)n>0 be the sequence of integers defined by

$2p = 3p
T2p+1 = 2.3P.
We study the power serie
2%n
n>0

1) What is the convergence radius of this power serie?
2) Prove that the serie converges for z = —1.
3) Show that we can find a sequence (zy, ), of complex number such that

|2m| < 1, My, 400 2m = —1 and lim, 400 |S(2m)| = +00.

Hint: watch the points z = 737,
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3. SOLUTION

1) S(1) = 400 (harmonic serie), then R < 1. On the other hand, if |2| < 1 we

have
S E s

n>0 n>0

Tn

Hence the serie converges absolutely for |z < 1. We conclude that the convergence
radius of the serie is 1.

2) We remark that z,, is odd when n is even and is even when n is odd. Then

(1™ _ N~ ()
s - 30 E
n>0 n>0
which is the alternating harmonic serie. Hence the serie converges for z = —1 and

moreover S(—1) = In(2).

3) Note first that it is possible to find two sequences (pm)m>0 and (Gm)m>o of
positive integers such that

3
1
+
3
w
Q2
3
DN | =

For example let < ;’m) be the continued fractions of log,(3). Then
m/ m>0

lim ™ = = log,(3)

m——+oo qm

and moreover

T 1
log,(3) — m’ < —.
2( ) Im q72n
We conclude that )
|gm 10go(3) — rm| < —.
Then
77L1—1>I-ri-loo (’I“m ~dm 10g2(3)) - 0’
2"m
lim =1.
n—+oo 3q7n

Let us set p,, = 2"~ !, we have the desired result:

g Pmo_ 1
im — = —.
m—+oo 3qm 2

Let us set
Zm = Ay €207 30
where 0 < A\,, < 1. When n > 2¢,, we have

i Pm
2T 3dm Tn — 1.

Hence:

/\mn 627,7r Loz, 2qm )\zn 62171' Ty A\Zn

R N

n>0 n>2qm



and consequently

Az oy
n>2qm n=2qm+1
where K is such that
Koo
> ~ > (L) (m + 2qm)-
n=2qm+1
Let 0 < A, < 1, then
G
S(zm)| = A2 > = = 2 = X (14 €) (m + 2qm) — 2
n=2qm+1

Let n > 0 such that (1 — )% (14+¢) > 1. If (1 —n) < Ay, < 1 we have |S(zp)| >
m. Then it is possible to construct a sequence (A, )m>0 such that 0 < X, < 1,
limy, 400 Am = 1 and |S(zy,)| > m. We can see now that lim,,—, o 2, = —1 and
limy, 5400 [S(2m)| = +00.
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